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Abstract
In this paper, by using q-Volkenborn integral, we construct new generating functions of the new twisted
(h, q)-Bernoulli polynomials and numbers. By applying the Mellin transformation to these generating
functions, we obtain integral representations of the new twisted (h, q)-zeta function and twisted (h, q)-L-
function, which interpolate the twisted (h, q)-Bernoulli numbers and generalized twisted (h, q)-Bernoulli
numbers at non-positive integers, respectively. Furthermore, relation between twisted (h, q)-zeta function
and twisted (h, q)-L-function are proved. Some new relations, related to twisted (h, q)-Bernoulli polyno-
mials and numbers, are given.
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1. Introduction, definitions and notations
Koblitz [20] defined twisted L-functions as follows, L(s,χ, ξ):
Let r ∈ Z+, set of positive integers, let χ be a Dirichlet character of conductor f ∈ Z+, and
let ξ r = 1, ξ = 1.
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∞∑
n=1
χ(n)ξn
ns
.
Since the function n → χ(n)ξn has period f r , this is a special case of the Dirichlet L-functions.
Koblitz [20] gave relation between L(s,χ, ξ) and twisted Bernoulli numbers, Bn,χ,ξ at non-
positive integers (see [18–21,23]).
In [18], Koblitz constructed p-adic q-L-function. This function interpolates Carlitz’s q-
Bernoulli numbers at non-positive integers. Kim [3] constructed p-adic q-integral. He proved
that Carlitz’s q-Bernoulli numbers can be represented as a p-adic q-integral by the q-analogue
of the ordinary p-adic invariant measure. In [22,24], we constructed generating functions of
q-generalized Euler numbers and polynomials and twisted q-generalized Euler numbers and
polynomials. We also constructed a complex analytic twisted l-series which is interpolated
twisted q-Euler numbers at non-positive integers. Kim et al. [17] defined twisted q-Bernoulli
numbers by using p-adic invariant integrals on Zp . They constructed twisted q-zeta function and
q-L-series which interpolate twisted q-Bernoulli numbers.
In [21,23], we studied twisted Bernoulli polynomials, numbers and analytic properties of
twisted L-functions. We gave the relation between twisted Bernoulli numbers and twisted
L-functions at non-positive integers. We also defined q-analogues of the twisted Bernoulli
polynomials and twisted L-functions. In [25], we defined generating functions. By using the
Mellin transformation to these functions, we constructed q-zeta function, q-L-functions and q-
Dedekind type sums.
In [5,6,14], by using q-Volkenborn integration, Kim constructed the new (h, q)-extension
of the Bernoulli numbers and polynomials. He defined (h, q)-extension of the zeta functions
which are interpolated new (h, q)-extension of the Bernoulli numbers and polynomials. In [15],
Kim constructed the two-variable p-adic q-L-function which interpolates the generalized q-
Bernoulli polynomials associated with Dirichlet character. He also gave some p-adic integrals
representation for this two-variable p-adic q-L-function and derived q-extension of the gener-
alized formula of Diamond and Ferro and Greenberg for the two variable p-adic L-function in
terms of the p-adic gamma and log gamma function.
We summarize our results as follows:
In Section 2, by using q-Volkenborn integration, we construct generating functions of the
new twisted (h, q)-Bernoulli numbers and polynomials. We also construct generating functions
of generalized twisted (h, q)-Bernoulli numbers and polynomials. We give some new results
related to these functions and polynomials as well. In Section 3, by using the Mellin transforma-
tion to these generating functions, we define integral representation of the new twisted (h, q)-zeta
functions and twisted (h, q)-L-functions which are interpolate twisted (h, q)-Bernoulli numbers
and generalized twisted (h, q)-Bernoulli numbers at non-positive integers, respectively. Further-
more, we give relation between twisted (h, q)-zeta functions and twisted (h, q)-L-functions.
Throughout this paper Z, Zp , Qp and Cp will be denoted by the ring of rational integers, the
ring of p-adic integers, the field of p-adic rational numbers and the completion of the algebraic
closure of Qp , respectively. Let vp be the normalized exponential valuation of Cp with |p|p =
p−vp(p) = p−1. When one talks of q-extension, q is variously considered as an indeterminate, a
complex number q ∈ C, or p-adic number q ∈ Cp . If q ∈ Cp , then we normally assume
|q − 1|p < p−
1
p−1 ,
so that
qx = exp(x logq) for |x|p  1.
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f ∈ UD(Zp,Cp) = {f | f :Zp → Cp is uniformly differentiable function},
the p-adic q-integral (or q-Volkenborn integration) was defined by
Iq(f ) =
∫
Zp
f (x) dμq(x) = lim
N→∞
1
[pN ]q
pN−1∑
x=0
qxf (x),
where
[x]q = 1 − q
x
1 − q ,
I1(f ) = lim
q→1 Iq(f ) =
∫
Zp
f (x) dμ1(x) = lim
N→∞
1
pN
pN−1∑
x=0
f (x). (1.1)
If we take f1(x) = f (x + 1) in (1.1), then we have
I1(f1) = I1(f ) + f ′(0), (1.2)
where f ′(0) = d
dx
f (x)|x=0 (cf. [2,4–13,16,26,27]).
Theorem 1. For h ∈ Z, q ∈ Cp with |1 − q|p < p−
1
p−1
, we have
I1
(
qhxxn
)= ∫
Zp
qhxxn dμ1(x) = B(h)n, (q),
∫
Zp
qhy(x + y)n dμ1(y) = B(h)n (x, q). (1.3)
Proof of Theorem 1 was given by Kim [14].
Note that B(h)n (0, q) = B(h)n (q), limq→1 B(h)n (q) = B(h)n , where B(h)n are higher order the nth
Bernoulli numbers.
Let p be a fixed prime. For a fixed positive integer f with (p,f ) = 1, we set
X = Xf = lim←N Z/Zfp
N, X1 = Zp, X∗ =
⋃
0<a<fp
(a,p)=1
a + fpZp
and
a + fpNZp =
{
x ∈ X | x ≡ a(modfpN )},
where a ∈ Z satisfies the condition 0 a < fpN . For f ∈ UD(Zp,Cp),∫
Zp
f (x) dμ1(x) =
∫
X
f (x)dμ1(x) (1.4)
(cf. [4,6,8,11,13]).
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I1(fb) = I1(f ) +
b−1∑
j=0
f ′(j), (1.5)
where fb(x) = f (x + b), b ∈ Z+.
(h, q)-zeta function, (h, q)-Hurwitz zeta function and (h, q)-L-series are define as fol-
lows [14]:
Definition 1. Let s ∈ C, x ∈ R+, we define
ζ (h)q (s) =
∞∑
n=1
q(n−1)h
ns
− h logq
s − 1
∞∑
n=1
q(n−1)h
ns−1
,
ζ (h)q (s, x) =
∞∑
n=0
q(n−1)h
(n + x)s −
h logq
s − 1
∞∑
n=0
qnh
(n + x)s−1 .
Definition 2. Let χ be a Dirichlet character of conductor f ∈ Z+. For s ∈ C, we define
L(h)q (s,χ) =
∞∑
n=1
qnhχ(n)
ns
− logq
h
s − 1
∞∑
n=1
qnhχ(n)
ns−1
.
Remark 1. Observe that when q → 1 and h = 1, ζ (h)q (s) reduces to ζ(s) =∑∞n=1 1ns , Riemann
zeta function and ζ (h)q (s, x) reduces to ζ(s, x) =∑∞n=1 1(n+x)s , Hurwitz zeta function. Berndt [1]
studied on these functions. He gave integral representation of ζ(s, x) function as follows:
ζ(s, x) = x
1−s
s − 1 +
x−s
2
− s
∞∫
0
{t} − 1/2
(t + x)s+1 dt,
where {t} is the fractional part of t . He also gave classical formulae related to Hurwitz zeta
function and Lerch’s expression lnΓ (s) = ζ ′(0, x) − ζ ′(0) (see also [14,25,27]).
Relations between B(h)n (x, q), B(h)n+1,χ (q), ζ
(h)
q (s, x) and L(h)q (s,χ) at non-positive integers
are given as follows [14]:
Theorem 2. Let n ∈ Z+. Then
ζ (h)q (1 − n,x) = −
B
(h)
n (x, q)
n
.
Theorem 3. Let χ be a Dirichlet character of conductor f ∈ Z+. Let n ∈ Z+. We have
L(h)q (−n,χ) = −
B
(h)
n+1,χ (q)
n + 1 .
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The purpose of this section is to construct new generating functions of the new twisted
(h, q)-Bernoulli numbers and polynomials. By using these generating functions and Volken-
born integral, we will give relations between twisted (h, q)-Bernoulli numbers and polynomials.
We also define new twisted generalized (h, q)-Bernoulli numbers and polynomials with attached
to Dirichlet character. We will prove twisted version of Witt’s formula for the (h, q)-Bernoulli
numbers and polynomials as well.
Let
Tp =
⋃
n1
Cpn = lim
n→∞Cpn,
where Cpn = {w | wpn = 1} is the cyclic group of order pn. For w ∈ Tp , we denote by φw :Zp →
Cp the locally constant function x → wx (see [17]).
By using q-Volkenborn integration (see for detail [4–8,10,11,13–15,27]), we define generating
function of the new twisted (h, q)-extension of Bernoulli numbers, B(h)n,w(q) by means of the
following generating function:
F (h)w,q(t) =
logqh + t
wqhet − 1 =
∞∑
n=0
B(h)n,w(q)
tn
n! .
We note that if w → 1, then B(h)n,w(q) → B(h)n (q) and F (h)w,q(t) → F (h)q (t) = h logq+tqhet−1 . If q → 1,
h = 1, then F (h)q (t) → F(t) = tet−1 =
∑∞
n=1 Bn t
n
n! , where Bn is usual Bernoulli numbers (cf.
[14,23,27]).
Twisted version of Witt’s formula for B(h)n,w(q) is given by the following theorem:
Theorem 4. For h ∈ Z and q ∈ Cp with |q − 1|p < p−
1
p−1
, we have
B(h)n,w(q) =
∫
Zp
φw(x)q
hxxn dμ1(x). (2.1)
Proof. If we take f (x) = φw(x)qhxetx in (1.2), then we have
wqhet I1
(
φw(x)q
hxetx
)= I1(φw(x)qhxetx)+ h logq + t.
Thus we obtain generating function of the twisted (h, q)-extension of Bernoulli numbers,
B
(h)
n,w(q):
F (h)w,q(t) = I1
(
φw(x)q
hxetx
)= logqh + t
wqhet − 1 =
∞∑
n=0
B(h)n,w(q)
tn
n! (2.2)
for |t | < p− 1p−1 and h is an integer.
By using Taylor series of etx in (2.2), we have
I1
(
φw(x)q
hx
∞∑ xntn
n!
)
=
∞∑(
I1
(
φw(x)q
hxxn
)) tn
n! =
∞∑
B(h)n,w(q)
tn
n! .
n=1 n=1 n=0
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n! in the above equation, we arrive at the desired result. 
Observe that if w → 1, then Theorem 4 reduces to Theorem 1.
Twisted (h, q)-extension of Bernoulli polynomials B(h)n,w(z, q) are defined by means of the
generating function
F (h)w,q(t, z) =
(t + logqh)etz
wqhet − 1 = I1
(
φw(x)q
hxet(z+x)
)= ∞∑
n=0
B(h)n,w(z, q)
tn
n! . (2.3)
We note that B(h)n,w(0, q) = B(h)n,w(q). If w → 1, then B(h)n,w(z, q) → B(h)n (z, q) and F (h)w,q(t, z) →
F
(h)
q (t, z) = F (h)q (t)etz [14].
Twisted version of Witt’s formula for B(h)n,w(z, q) is given by the following theorem:
Theorem 5. For h ∈ Z and q ∈ Cp with |q − 1|p < p−
1
p−1
, we obtain
B(h)n,w(z, q) =
∫
Zp
φw(x)q
hx(x + z)n dμ1(x). (2.4)
Proof. Proof of Theorem 5 runs parallel to that of Theorem 4. By using Taylor series of et(x+z)
in (2.3) and comparing coefficients tn
n! , we obtain the desired result. 
Observe that if w → 1, q → 1, h = 1, then Fw,q(t, z) → F(t, z) = tet−1etz and B(h)n,w(z, q) →
Bn(z), the usual Bernoulli polynomials (cf. [14,23,27]). If w → 1, then (2.4) reduces to (1.3).
Theorem 6. For any positive integer k, we have
B(h)n,w(z, q) = kn−1
k−1∑
a=0
φw(a)q
haB
(h)
n,wk
(
a + z
k
, qk
)
,
for n 0.
Proof. By using (1.4) and (2.4), it is easy to see that
B(h)n,w(z, q) =
∫
X
φw(x)q
hx(x + z)n dμ1(x) = lim
N→∞
1
kpN
kpN−1∑
x=0
wxqhx(x + z)n
= 1
k
lim
N→∞
1
pN
k−1∑
a=0
pN−1∑
x=0
wa+kxqh(a+kx)(a + kx + z)n
= kn−1
k−1∑
a=0
waqha lim
N→∞
pN−1∑
x=0
wkxqhkx
(
a + z
k
+ x
)n
= kn−1
k−1∑
a=0
waqha
∫
X
φwk (x)q
khx
(
x + a + z
k
)n
dμ1(x).
By using (2.4) in the above equation, we obtain the desired result. 
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Theorem 7. For n 0, we have
B(h)n,w(z, q) =
n∑
k=0
(
n
k
)
zn−kB(h)k (q).
Proof. By (2.3), we have
∞∑
n=0
B(h)n,w(z, q)
tn
n! =
(t + logqh)etz
wqhet − 1 .
By using Taylor series of etz in the above equation, we get
∞∑
n=0
B(h)n,w(z, q)
tn
n! =
∞∑
n=0
zntn
n!
∞∑
n=0
B(h)n,w(q)
tn
n! .
By using Cauchy product in the above equation, we obtain
∞∑
n=0
(
B(h)n,w(z, q)
1
n!
)
tn =
∞∑
n=0
(
n∑
k=0
B
(h)
k,w(q)
zn−k
k!(n − k)!
)
tn.
By comparing coefficients tn in the above equation, we obtain the desired result. 
Remark 2. By using (2.1) and the binomial theorem in (2.4), and after some elementary calcu-
lations, we easily arrive at the another proof of Theorem 7.
Generalized twisted (h, q)-extension of Bernoulli numbers are defined by means of the gen-
erating function
F (h)χ,w,q(t) =
f∑
a=1
χ(a)φw(a)q
haeat (t + logqh)
wf qhf ef t − 1 =
∞∑
n=0
B(h)n,χ,w(q)
tn
n! .
Note that if w → 1, F (h)χ,w,q(t) → F (h)χ,q(t) and B(h)n,χ,w(q) → B(h)n,χ (q) (see [14]).
Theorem 8. Let χ be a Dirichlet character of conductor f ∈ Z+. We obtain
B(h)n,χ,w(q) =
∫
Zp
χ(x)φw(x)q
hxxn dμ1(x), (2.5)
Proof. If we take f (x) = χ(x)φw(x)qhxetx in (1.5), we get
wf qfhef t I1
(
φw(x)χ(x)q
hxetx
)= I1(φw(x)χ(x)qhxetx)
+
f−1∑
a=0
qhaχ(a)φw(a)e
ta
(
logqh + t).
After some elementary calculations in the above equation, we have
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∫
Zp
χ(x)φw(x)q
hxetx dμ1(x) =
f−1∑
a=0
χ(a)φw(a)q
haeat (t + logqh)
wf qhf ef t − 1
=
∞∑
n=0
B(h)n,χ,w(q)
tn
n! . (2.6)
By using the Taylor series of etz in (2.6), we obtain
∞∑
n=0
B(h)n,χ,w(q)
tn
n! =
∫
Zp
χ(x)φw(x)q
hxetx dμ1(x)
=
∫
Zp
χ(x)φw(x)q
hx
( ∞∑
n=0
xntn
n!
)
dμ1(x)
=
∞∑
n=0
( ∫
Zp
χ(x)φw(x)q
hxxn dμ1(x)
)
tn
n! .
By comparing coefficients tn
n! in the above equation, we easily arrive at the desired result. 
We define
f (x) = χ(x)φw(x)qhxet(x+z).
By substituting the above function into (1.5), then we obtain the generalized twisted (h, q)-
extension of Bernoulli polynomials B(h)n,χ,w(z, q), which are given by means of the generating
function:
F (h)χ,w,q(t, z) =
∫
Zp
χ(x)φw(x)q
het(x+z) dμ1(x) =
f∑
a=1
χ(a)φw(a)q
hae(z+a)t (t + logqh)
wf qhf ef t − 1
=
∞∑
n=0
B(h)n,χ,w(z, q)
tn
n! . (2.7)
Note that, substituting z = 0 into (2.7), B(h)n,χ,w(0, q) = B(h)n,χ,w(q) is the nth twisted (h, q)-
Bernoulli number. If h = 1, w → 1 and q → 1 in (2.7), then F (h)χ,w,q(t) → Fχ(t, z) =
ezt
∑f
a=1
χ(a)eat t
ef t−1 =
∑∞
n=0 Bn,χ (z) t
n
n! , where Bn,χ is the usual generalized Bernoulli numbers
(cf. [23,27]).
Relation between B(h)n,χ,w(z, q) and B(h)k,χ,w(q) are given by the following theorem:
Theorem 9. Let χ be a Dirichlet character of conductor f ∈ Z+. We have
B(h)n,χ,w(z, q) =
n∑
k=0
(
n
k
)
zn−kB(h)k,χ,w(q).
Proof. By using the Taylor series of et(x+z) in (2.7), we get
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n=0
B(h)n,χ,w(z, q)
tn
n! =
∫
Zp
χ(x)φw(x)q
hxet(x+z) dμ1(x)
=
∞∑
n=0
( ∫
Zp
χ(x)φw(x)q
hx(x + z)n dμ1(x)
)
tn
n!
=
∞∑
n=0
(
n∑
k=0
(
n
k
)
zn−k
∫
Zp
χ(x)φw(x)q
hxxk dμ1(x)
)
tn
n! .
By using (2.5) in the above equation and comparing coefficients tn
n! , we easily arrive at the desired
result. 
Remark 3. By using Theorem 8, integral representation of the generalized twisted (h, q)-
Bernoulli polynomials are easily given as follows:
B(h)n,χ,w(z, q) =
∫
Zp
χ(x)φw(x)q
hx(x + z)n dμ1(x), (2.8)
where q ∈ Cp , |q − 1|p < p−
1
p−1
. By using similar method of Theorem 7, another proof of The-
orem 9 is given. Observe that if w → 1 and q → 1, then Fχ,w,q(t, z) → Fχ(t, z) = Fχ(t)ezt =∑f
a=1
χ(a)e(a+z)t t
ef t−1 and Bn,χ,w(z : q) → Bn,χ (z) are the usual generalized Bernoulli polynomi-
als [27].
Theorem 10. For any positive integer k, we have
B(h)n,χ,w(z, q) = f n−1
f−1∑
a=0
χ(a)φw(a)q
haB
(h)
n,wf
(
a + z
f
, qf
)
, (2.9)
for n 0.
Proof. By using (1.4) and (2.8), it is easy to see that
B(h)n,χ,w(z, q) =
∫
X
χ(x)φw(x)q
hx(x + z)n dμ1(x) = lim
N→∞
1
fpN
fpN−1∑
x=0
χ(x)wxqhx(x + z)n
= 1
f
lim
N→∞
1
pN
f−1∑
a=0
pN−1∑
x=0
χ(a + f x)wa+f xqh(a+f x)(a + f x + z)n
= f n−1
f−1∑
a=0
χ(a)waqha lim
N→∞
pN−1∑
x=0
wfxqhf x
(
a + z
f
+ x
)n
= f n−1
f−1∑
a=0
χ(a)waqha
∫
X
φwf (x)q
f hx
(
x + a + z
f
)n
dμ1(x).
By using (2.4) in the above equation, we obtain the desired result. 
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Our primary aim in this section is to apply Mellin transformation to the generating func-
tions of the twisted (h, q)-Bernoulli polynomials and numbers, (2.2), (2.3) and (2.6), we will
define twisted (h, q)-zeta function and (h, q)-L-function, which are interpolated twisted (h, q)-
Bernoulli numbers and generalized twisted (h, q)-Bernoulli numbers at non-positive integers,
respectively.
We assume that q ∈ C with |q| < 1 and s ∈ C.
By applying the Mellin transformation to (2.2) and (2.3), we have the following integral rep-
resentations:
1
Γ (s)
∞∫
0
t s−2e−tF (h)w,q(−t) dt
= 1
Γ (s)
∞∫
0
t s−2e−t
( −t
qhwe−t − 1 +
h logq
qhwe−t − 1
)
dt
= 1
Γ (s)
∞∫
0
t s−1e−t dt
qhwe−t − 1 −
h logq
Γ (s)
∞∫
0
t s−2e−t dt
1 − qhwe−t
=
∞∑
n=0
qnhwn
1
Γ (s)
∞∫
0
t s−1e−(n+1)t dt − h logq
Γ (s)
∞∑
n=0
qnhwn
∞∫
0
t s−1e−(n+1)t dt
=
∞∑
n=1
wn−1q(n−1)h
ns
− logq
h
s − 1
∞∑
n=1
wn−1q(n−1)h
ns−1
= ζ (h)w,q(s) (3.1)
and by using similar method in the above, we have
1
Γ (s)
∞∫
0
t s−2e−tF (h)w,q(−t, x) dt = ζ (h)w,q(s, x). (3.2)
By using (3.1) and (3.2), we define new twisted (h, q)-zeta functions as follows:
Definition 3. Let s ∈ C , x ∈ R+. We define
ζ (h)w,q(s) =
∞∑
n=1
wn−1q(n−1)h
ns
− h logq
s − 1
∞∑
n=1
wn−1q(n−1)h
ns−1
,
ζ (h)w,q(s, x) =
∞∑
n=0
wn−1q(n−1)h
(n + x)s −
h logq
s − 1
∞∑
n=0
wn−1qnh
(n + x)s−1 .
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ζ
(h)
w,q(s) are analytically continued for Re(s) > 1. limw→1 ζ (h)w,q(s) = ζ (h)q (s), which is given in
Definition 1. If h = 1, w → 1 and q → 1 in Definition 3, then we obtain the Riemann zeta
function and the Hurwitz zeta function (cf. [1,6–8,14,17,21–25,27]).
The value of twisted (h, q)-zeta function at negative integers is given explicitly by the follow-
ing theorem:
Theorem 11. Let n ∈ Z+. We obtain
ζ (h)w,q(1 − n) = −
B
(h)
n,w(q)
n
.
Proof. Proof of this theorem is similar to that of Theorem 8 in [27]. In view of (3.1), we define
y(s) by the following contour integral:
y(s) =
∫
C
zs−2e−zF (h)w,q(−z) dz, (3.3)
where C is Hankel’s contour along the cut joining the points z = 0 and z = ∞ on the real axis,
which starts from the point at ∞, encircles the origin (z = 0) once in the positive (counter-
clockwise) direction, and returns to the point at ∞. Here, as usual, we interpret zs to mean
exp(s log z), where we assume log to be defined by log t on the top part of the real axis and by
log t + 2πi on the bottom part of the real axis. We thus find from definition (3.3) that
y(s) = (e2πis − 1)
∞∫
ε
ts−2e−tF (h)w,q(−t) dt +
∫
Cε
zs−2e−zF (h)w,q(−z) dz,
where Cε denotes a circle of radius ε > 0 (and centred at the origin), which is described in the
positive (counter-clockwise) direction. Assume first that Re(s) > 1. Then∫
Cε
→ 0 as ε → 0,
so we have
y(s) = (e2πis − 1)
∞∫
0
t s−2e−tF (h)w,q(−t) dt,
which, upon substituting from (2.2) into it, yields
y(s) = (e2πis − 1)Γ (s)ζ (h)w,q(s).
Consequently,
ζ (h)w,q(s) =
y(s)
(e2πis − 1)Γ (s) , (3.4)
which, by analytic continuation, holds true for all s = 1. This evidently provides us with an
analytic continuation of ζ (h)w,q(s).
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e2πis = e2πi(1−n) = 1 (n ∈ Z+),
we have
lim
s→1−n
{(
e2πis − 1)Γ (s)}= lim
s→1−n
{
(e2πis − 1)
sin(πs)
π
Γ (1 − s)
}
= 2πi(−1)
n−1
(n − 1)! (n ∈ Z
+) (3.5)
by means of the familiar reflection formula for Γ (s). Furthermore, since the integrand in (3.3)
has simple pole order n + 1 at z = 0, where also find from definition (3.3) with s = 1 − n that
y(1 − n) =
∫
C
z−n−1e−zF (h)w,q(−z) dz = 2πi Resz=0
{
z−n−1e−zF (h)w,q(−z)
}
= (2πi) (−1)
n
n! B
(h)
n,w(q), (3.6)
where we have made of the power-series representation in (2.2). Thus, by Cauchy Residue Theo-
rem, we easily arrive at the desired result upon suitably combining (3.5) and (3.6) with (3.4). 
Remark 5. The value of ζ (h)w,q(s, x) function at negative integers is given explicitly as follows:
for n ∈ Z+,
ζ (h)w,q(1 − n,x) = −
B
(h)
n,w(x, q)
n
. (3.7)
Proof of (3.7) runs parallel to that of Theorem 11, so we choose to omit the details involved.
By applying the Mellin transformations to (2.6), we obtain
1
Γ (s)
∞∫
0
t s−2F (h)χ,w,q(−t) dt
= 1
Γ (s)
∞∫
0
t s−2
(
f∑
a=1
χ(a)φw(a)q
hae−at (−t + logqh)
wf qhf e−f t − 1
)
dt
= 1
Γ (s)
f∑
a=1
χ(a)φw(a)q
ha
∞∫
0
t s−2
(
−
∞∑
n=0
(
wf qhf e−f t
)n)
e−at
(−t + logqh)dt
= 1
Γ (s)
f∑
a=1
χ(a)φw(a + f n)qh(a+f n)
∞∑
n=0
∞∫
0
t s−1e−(a+nf )t dt
− logq
h
Γ (s)
f∑
a=1
χ(a)φw(a + f n)qh(a+f n)
∞∑
n=0
∞∫
0
t s−2e−(a+nf )t dt.
After some elementary calculations in the above equation, we have
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Γ (s)
∞∫
0
t s−2F (h)χ,w,q(−t) dt =
f∑
a=1
∞∑
n=0
χ(a + f n)φw(a + f n)qh(a+f n)
(a + nf )s
− logq
h
s − 1
f∑
a=1
∞∑
n=0
χ(a + f n)φw(a + f n)qh(a+f n)
(a + nf )s−1 .
Substituting m = a + nf , for m = 1,2, . . . ,∞, into the above equation, we obtain integral rep-
resentations of the new twisted (h, q)-L-series
1
Γ (s)
∞∫
0
t s−2F (h)χ,w,q(−t) dt =
∞∑
n=1
qnhwnχ(n)
ns
− logq
h
s − 1
∞∑
n=1
qnhwnχ(n)
ns−1
= L(h)w,q(s,χ). (3.8)
By using (3.8), we define new twisted (h, q)-L-function as follows:
Definition 4. Let s ∈ C. Let χ be a Dirichlet character of conductor f ∈ Z+. We define
L(h)w,q(s,χ) =
∞∑
n=1
qnhwnχ(n)
ns
− logq
h
s − 1
∞∑
n=1
qnhwnχ(n)
ns−1
.
Observe that if w → 1, the above equation reduces to Definition 2. If h = 1, w → 1 and q → 1
in the above equation, then we have
L(s,χ) =
∞∑
n=1
χ(n)
ns
,
where L(s,χ) is the Dirichlet L-function (cf. [10,18–20,23,25–27]).
Relation between ζ (h)w,q(s, z) and L(h)w,q(s,χ) is given by the following theorem:
Theorem 12. Let s ∈ C. Let χ be a Dirichlet character of conductor f ∈ Z+. We have
L(h)w,q(s,χ) =
1
f s
f−1∑
a=0
qhawaχ(a)ζ
(h)
wf ,qf
(
s,
a
f
)
. (3.9)
Proof. Substituting n = a + mf , where m = 1,2,3, . . . ,∞, and a = 0,1, . . . , f − 1, into Defi-
nition 4, we obtain
L(h)w,q(s,χ) =
f−1∑
a=0
qhawaχ(a)
∞∑
m=1
qmfhwfm
(a + mf )s
− logq
h
s − 1
f−1∑
a=0
qhawaχ(a)
∞∑
m=1
qmfhwfm
(a + mf )s−1
= 1
f s
f−1∑
a=0
qhawaχ(a)
( ∞∑
m=1
qmfhwfm
(m + a
f
)s
− logq
fh
s − 1
∞∑
m=1
qmfhwfm
(m + a
f
)s−1
)
.
By using Definition 3 in the above equation, we obtain the desired result. 
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theorem:
Theorem 13. Let χ be a Dirichlet character of conductor f ∈ Z+. Let n ∈ Z+. We have
L(h)w,q(−n,χ) = −
B
(h)
n+1,χ,w(q)
n + 1 .
Proof. Substituting s = 1 − n, n ∈ Z+ into (3.9), we have
L(h)w,q(1 − n,χ) = f n−1
f−1∑
a=0
qhawaχ(a)ζ
(h)
wf ,qf
(
1 − n, a
f
)
.
By using (3.7) in the above equation, we obtain
L(h)w,q(1 − n,χ) = −
f n−1
n
f−1∑
a=0
qhawaχ(a)B
(h)
n,wf
(
a
f
, qf
)
= −1
n
B(h)n,χ,w(q).
By substituting (2.9) in to the above equation, we arrive at the desired result:
L(h)w,q(1 − n,χ) = −
1
n
B(h)n,χ,w(q). 
Remark 6. For s = 1 − n, n ∈ Z+ and by using Cauchy Residue Theorem in (3.8), we easily
arrive at the another proof of Theorem 13, which method runs parallel to that of Theorem 11.
Observe that if w → 1, then Theorem 13 reduces to Theorem 3.
Acknowledgments
I express my sincere gratitude to Professor Taekyun Kim for his elegant comments on this paper. I am thankful to the
referee(s) for his valuable comments on this present form.
References
[1] B.C. Berndt, On the Hurwitz zeta-function, Rocky Mountain J. 2 (1972) 151–157.
[2] M. Cenkci, M. Can, V. Kurt, p-adic interpolation functions and Kummer-type congruences for q-twisted and
q-generalized twisted Euler numbers, Adv. Stud. Contemp. Math. 9 (2) (2004) 203–216.
[3] T. Kim, On a q-analogue of the p-adic log gamma functions and related integrals, J. Number Theory 76 (1999)
320–329.
[4] T. Kim, An invariant p-adic integral associated with Daehee numbers, Integral Transforms Spec. Funct. 13 (2002)
65–69.
[5] T. Kim, q-Volkenborn integration, Russ. J. Math. Phys. 19 (2002) 288–299.
[6] T. Kim, Non-Archimedean q-integrals associated with multiple Changhee q-Bernoulli polynomials, Russ. J. Math.
Phys. 10 (2003) 91–98.
[7] T. Kim, q-Riemann zeta function, Int. J. Math. Sci. 2004 (12) (2003) 185–192.
[8] T. Kim, On Euler–Barnes multiple zeta functions, Russ. J. Math. Phys. 10 (2003) 261–267.
[9] T. Kim, A note on multiple zeta function, JP J. Algebra Number Theory Appl. 3 (3) (2003) 471–476.
[10] T. Kim, A note on Dirichlet L-series, Proc. Jangjeon Math. Soc. 6 (2003) 161–166.
[11] T. Kim, et al., Introduction to Non-Archimedian Analysis, Kyo Woo Sa, Korea, 2004, http://www.kyowoo.co.kr.
[12] T. Kim, p-adic q-integrals associated with the Changhee–Barnes’ q-Bernoulli polynomials, Integral Transform.
Spec. Funct. 15 (2004) 415–420.
804 Y. Simsek / J. Math. Anal. Appl. 324 (2006) 790–804[13] T. Kim, Analytic continuation of multiple q-zeta functions and their values at negative integers, Russ. J. Math.
Phys. 11 (2004) 71–76.
[14] T. Kim, A new approach to q-zeta function, math.NT/0502005.
[15] T. Kim, Power series and asymptotic series associated with the q-analogue of two-variable p-adic L-function, Russ.
J. Math. Phys. 12 (2) (2005) 186–196.
[16] T. Kim, S.-H. Rim, Generalized Carlitz’s q-Bernoulli numbers in the p-adic number field, Adv. Stud. Contemp.
Math. 2 (2000) 9–19.
[17] T. Kim, L.C. Jang, S.-H. Rim, H.K. Pak, On the twisted q-zeta functions and q-Bernoulli polynomials, Far East J.
Appl. Math. 13 (1) (2003) 13–21.
[18] N. Koblitz, A new proof of certain formulas for p-adic L-functions, Duke Math. J. 46 (2) (1979) 455–468.
[19] N. Koblitz, On Carlitz’s q-Bernoulli numbers, J. Number Theory 14 (1982) 332–339.
[20] N. Koblitz, p-Adic Analysis: A Short Course on Recent Work, London Math. Soc. Lecture Note Ser., vol. 46, 1980.
[21] Y. Simsek, On q-analogue of the twisted L-functions and q-twisted Bernoulli numbers, J. Korean Math. Soc. 40 (6)
(2003) 963–975.
[22] Y. Simsek, On twisted generalized Euler numbers, Bull. Korean Math. Soc. 41 (2) (2004) 299–306.
[23] Y. Simsek, Theorems on twisted L-functions and twisted Bernoulli numbers, Adv. Stud. Contemp. Math. 11 (2)
(2005) 205–218.
[24] Y. Simsek, q-analogue of the twisted l-series and q-twisted Euler numbers, J. Number Theory 110 (2) (2005) 267–
278.
[25] Y. Simsek, q-Dedekind type sums related to q-zeta function and basic L-series, J. Math. Anal. Appl. 317 (2) (May
2006), in press.
[26] Y. Simsek, D. Kim, S.-H. Rim, On the two-variable Dirichlet q-L-series, Adv. Stud. Contemp. Math. 10 (2) (2005)
131–142.
[27] H.M. Srivastava, T. Kim, Y. Simsek, q-Bernoulli numbers and polynomials associated with multiple q-zeta func-
tions and basic L-series, Russ. J. Math. Phys. 12 (2) (2005) 241–268.
